Sensitivity analysis is an approach to recognising the behaviour of models and relative importance of causative factors. In this paper, behaviours of six pier scour depth empirical formulae are evaluated on the basis of an analytical method. The sensitivity of predicted scour depth is analysed with respect to the following independent parameters: approach flow depth, riverbed slope and median sediment size. Also their combined influence is studied examining the relative importance of each parameter with respect to the total variation of the maximum scour depth. Results show that: (1) sensitivity significantly depends on flow intensity for most of the selected formulae, whereas for the others it is a constant value or depends on other influencing parameters; (2) different formulae demonstrate various level of sensitivity to the input variables, so that, for a certain error in the input variables, the error in the results may vary consistently; (3) some formulae are very sensitive to the input parameters under some conditions, hence an error in an input variable may be amplified in the output results; and (4) most of the formulae are more sensitive to the variations of the influencing parameters in clear-water than in live-bed conditions.
Regarding bridge pier scour equations, once a formula is employed for the prediction of the maximum scour depth, inaccurate output may be due to the selected empirical formula and/or uncertainty in the input variables. According to Samadi et al. () , parameter uncertainty can be due to: (1) measurement error (e.g., personal bias in reading the flow depth measuring scale, finite instrument resolution for measuring the bed material size or estimation of river bed slope through small scale maps); or (2) the inherent natural variability of the parameter itself (e.g., the river bed material characteristics, as the median grain diameter, may vary spatially around the bridge pier; such properties may also change owing to the bed form propagations).
The prediction can therefore be significantly different from the real scour depth, owing to the error aliquot deriving from the selection of an inappropriate formula (e.g., an envelope formula which overestimates too much, an interpolation formula with low coefficient of determination, a formula which is used out of its range of application, etc.).
Furthermore, parameter uncertainty may also lead to unreliable predictions. In this case, sensitivity analysis may link the uncertainty of the scour influencing parameters to the reliability of predicted scour depth. A significant overestimation in prediction of scour depth results in uneconomic construction of bridge and countermeasures, whereas an underestimation may reduce their safety. In particular, a more accurate estimation of pier scour depth plays an important role in the design of some types of scour countermeasures, since a high efficiency in application of some of them (e.g., a slot through pier) is obtained when they are extended also inside the scour (Tafarojnoruz et al. a, ; Gaudio et al. ) .
Maximum pier scour depth is generally estimated by means of empirical formulae as a function of several influencing parameters (Tafarojnoruz et al. b were presented in the form of scour depth as a function of exceeding-probability. Yanmaz () carried out a reliability-based assessment of bridge pier scour depth by analysing two equations derived from an experimental dataset. He performed the uncertainty analysis of the two equations on the basis of a first-order Taylor expansion as well as a probability distribution of influencing pier scour parameters.
In this work six well-known formulae for the assessment of the equilibrium maximum scour depth at a bridge pier were selected in order to perform the sensitivity analysis with respect to the most important independent variables. Although a large number of empirical formulae was proposed to estimate pier scour depth, the above six formulae have some peculiarities which induced us to select them. and with the application of rainfall-runoff models or by direct measurements. In such cases, the knowledge of the sensitivity of a predictive formula to the effective parameters can be of help to improve the scour depth prediction, through the acquisition of more accurate (and, consequently, more expensive) data. The aim of the present study is to show the importance of sensitivity analysis in pier scour estimation, once the input parameters are measured independently, with an independent level of uncertainty. The uncertainty is also assumed to depend only on the measurement error; hence, other types of uncertainty, e.g. possible uncertainty due to inherent natural variability of the parameters, were neglected. In fact, for most practical cases, in addition to uncertainty due to the measurement error, the uncertainty due to the temporal or spatial variation of the parameters is also considerable.
The importance of such uncertainty is notable, if the uncertainty of a parameter amplifies that one of the other parameters. For instance, variation of riverbed slope due to bed degradation may lead to an increase of flow velocity variations. In similar cases, the sensitivity effects on an output parameter may be evaluated through a calibrated bed-morphodynamic model.
METHODOLOGY
Let us consider a uniform circular pier under the following conditions: the bed material is made of uniform sediments with relative submerged grain density Δ ¼ 1.65, no bed 
K S ¼pier shape factor; K θ ¼ pier alignment factor. 
Froehlich
()
for 0:7 < b=h < 5:0 4:5 h for b=h > 5:0 ) armouring is then considered; and the flow regime upstream to the pier is assumed to be uniform (S ¼ S f ) and fully turbulent in a wide channel (R h ≈ h) with S, S f and R h being the riverbed slope, the energy gradient and the hydraulic radius, respectively.
In this research, the well-known Manning and Strickler equations,
( 1) were used to compute the mean approach flow velocity, U (n is the Manning roughness coefficient). U c was also assessed by the Neill () equation,
g being acceleration due to gravity. Therefore, the flow intensity, U/U c , can be calculated as follows:
Regarding the above assumptions, the equilibrium maximum scour depth, d se , in the selected formulae is expressed as a function of b, d 50 , h, U, and U c . Since U and U c can be defined as functions of h, d 50 and S, the influencing parameters in estimating the maximum scour depth can be reduced to b, h, d 50 , and S. Although pier width is an important parameter in scour depth calculations, sensitivity analysis of scour depth with respect to pier width was not considered in this study. In fact, for a certain uniform circular pier, the pier width is a deterministic factor; it does not vary during the bridge life span and no uncertainty is assumed to affect it.
In this study, the bed form factor in the HC formula, K 3 (see Table 1 ), was assumed to be constant. In fact, sensitivity of the HC formula to this parameter can be calculated easily based on dune height (see Table 6 .3 in Richardson & Davis
The general mathematical definition of sensitivity can be expressed using the Taylor series expansion of the explicit function (McCuen ):
where O is the model output and the F i are factors which influence O. The change in O resulting from change in F i can be obtained by using the Taylor series as follows:
where O 0 is the value of O at some specified level of each F i .
In general, the nonlinear terms of Equation (5) are small in comparison with the linear terms; hence, Equation (5) reduces to:
Thus, the approximate incremental change in O can be obtained as follows:
Since the variation ΔF i can be defined as proportional to F i (i.e., ΔF i ¼ c · F i c being a coefficient), then the relative incremental change in O can be written as follows and assumed as a measure of sensitivity:
where S F i and ε the dimensionless coefficient c ¼ ΔF i /F i being the relative variation of F i . According to Equation (8), ε F i can be obtained through the following equation:
Equation (8) implies that knowledge of ε F i permits calculating S F i for various values of c. For instance, a 5% variation
In the following sections, the key parameter ε F i for each influencing parameter of the selected pier scour formulae is calculated. It will be demonstrated that specific sensitivity ε F i of some selected bridge scour equations is a constant or a simple function, whereas for the remaining ones it is a complex function of the influencing input parameters.
RESULTS

Specific sensitivity of d se to h
Depending on the selected formula, the sensitivity of the equilibrium scour depth, d se , to the approach flow depth, ε h , is various. In clear-water conditions, ε h in the BR formula is a function of flow intensity and h/b, as follows (see also Figure 2 (a)):
Equation (10) was obtained according to Equation (9) 
Specific sensitivity of the JF formula to h in clear-water conditions is constant (ε h ¼ 0.217). However, in live-bed conditions it is higher, especially near the threshold of sediment movement, i.e. 1 < U/U c < 1.5 (Equation (12) and Figure 3 ), whereas for U/U c > 2, an almost constant value of 0.6 is obtained:
The FL formula was recommended for live-bed scour conditions. Its specific sensitivity to h is less than 0.495
and it is also a function of all the influencing parameters, as it depends on the first value of d se (Equation (13)):
The sensitivity of d se to h in the recommended SH formula for clear-water conditions decreases as flow intensity increases. Equation (14) and Figure 4 (a) show that ε h is a function of flow intensity and h/b; for h/b > 4 this parameter can be neglected and Equation (14) 
The remaining two selected formulae (i.e., ML and HC) have similar behaviours in the whole range of flow intensity values; in fact, in these two cases, ε h does not depend on flow intensity (Tables 2 and 3 ). Table 2 shows that specific sensitivity of the ML formula to influencing parameters in live-bed conditions is less than in clear-water conditions for certain b/h and b/d 50 values. In particular, Table 3 indicates that application of K w increases the specific sensitivity to influencing parameters in the HC formula. 
Specific sensitivity of d se to S
The behaviour of specific sensitivity to riverbed slope, ε S , was often found to be similar to the previous one about approach flow depth. In clear-water conditions, sensitivity of the BR formula follows a monotonic trend, exhibiting a relatively high sensitivity to S for U/U c < 0.7 [Equation (16) and (Figure 2(c)) ]. In contrast, in live-bed conditions this formula is not sensitive to S, since it is not a function of velocity nor flow intensity:
The JF formula is less sensitive to S with respect to h. In clear-water conditions, this formula is independent from S;
however, in live-bed conditions it is a function of flow intensity, as expressed by the following relationship ( Figure 3 ):
The FL formula is significantly less sensitive to S with respect to h, and ε S is less than 0.1 as follows:
Specific sensitivity of the SH formula to riverbed slope is just a function of flow intensity (Figure 4(b) ) and can be estimated using the following equation:
Sensitivities of the remaining two formulae (i.e., ML and HC) to riverbed slope do not depend on flow intensity (Tables 2 and 3 ). In particular, the ML formula is not sensitive to S in live-bed conditions, since in this case it is not a function of flow velocity nor flow intensity. and can be calculated using Equation (20); however, the BR formula is not sensitive to sediment size in live-bed conditions. Figure 2(d) analogously shows that the BR formula is notably sensitive to d 50 for flow intensity values less than 0.7:
Specific sensitivity of the JF formula is constant (ε d 50 ¼ 0:083) in clear-water conditions. On the other hand, in live-bed conditions (Figure 3 ) specific sensitivity is determined based on flow intensity as follows:
Absolute specific sensitivity of the FL formula to d 50 is almost equal to ε S and less than 0.113, according to the following formula:
Specific sensitivity of the SH formula to d 50 is also a function of b/d 50 and flow intensity, as shown in Equation (23): For the HC formula, constant values for ε d 50 were obtained (Table 3) .
Combined specific sensitivity
In order to analyse the combined effect of variations on d se , all the effective parameters (except b, as discussed before)
are varied simultaneously, so that the total absolute variation can be calculated by using the following equation:
where, Δd se,Δh , Δd se,ΔS , Δd se,Δd 50 are variation of d se due to variations of h, S, d 50 (i.e., Δh, ΔS, and Δd 50 ), respectively.
The percentage variation aliquot P F i (P h , P S , and P d 50 ) related to variation of each influencing parameter F i (h, S, and d 50 )
can be defined as follows: In order to compare the output values of P h , P S , and P d 50 , all the computations were based on a constant value of c, i.e., Δh ¼ c·h; ΔS ¼ c·S; Δd 50 ¼ c·d 50 . In this condition, P h , P S , and P d 50 are independent from c; hence, combining
Equations (8) and (28) the following formulae are obtained:
Equations (29a)- (29c) can be applied to the FL formula, according to the specific sensitivities given by Equations (13), (18) and (22). The following values were obtained: P h ¼ 70%, P S ¼ 14% and P d 50 ¼ 16%. In other words, the FL formula is more significantly sensitive to h rather than to S or d 50 .
Equations (29a)- (29c) can also be applied to the HC formula,
looking at values shown in Table 3 ; it appears clear that P h and then P S represent the highest variation aliquots.
For the JF formula in clear-water conditions, P h , P S and P d 50 were equal to 72, 0 and 28%, respectively; however, in live-bed conditions, the behaviour of this formula is a function of flow intensity, as presented in Figure 6 . In fact, the JF formula in all conditions is significantly sensitive to h.
In the ML formula, each variation aliquot is constant for For h/b < 3, P h increases with U/U c , whereas for h/b ! 3 P h is almost constant as U/U c varies. For U/U c > 0.5, P h increases as h/b decreases (for U/U c 0.5, the BR formula predicts d se ¼ 0; see Table 1 ). Note that in live-bed conditions the BR formula is only sensitive to h, i.e. P h ¼ 100% and
The behaviours of P h , P S and P Therefore, in each case, percentage of variation aliquot of the SH formula should be directly calculated based on
Equations (14), (19), (23) and (29). The BR and ML equations are independent of the approach flow velocity, the critical velocity of sediment motion and, consequently, the flow intensity under live-bed conditions. Thus, higher sensitivity is expected in clear-water than in live-bed conditions. The correction factor of wide pier in shallow water, i.e. K w , recommended for the HC formula has greater exponents for clear-water applications;
CONCLUSIONS
hence, employing this correction factor leads to higher sensitivity of the HC formula in clear-water conditions.
By neglecting the variation in pier width, in most formulae the higher variation aliquot is related to the approach flow depth. Actually, d se ¼ f(U, h,…) and, if U is also estimated with h (e.g., by means of the Manning equation), the estimated d se may be significantly sensitive to h.
Among the selected formulae, the HC and FL formulae showed lower sensitivity to h, d 50 and S, having specific sensitivity less than 1 in all conditions, i.e. a certain error in a given h, d 50 and S produces a lesser error in the maximum scour depth estimation. In fact, in these two formulae, scour depth is mostly a function of pier width b and, as mentioned before, pier width is generally employed in formulae as a deterministic parameter. Therefore, errors in estimation or measurement of influencing parameters have less influence on results of these two formulae. 
